Abstract. In this paper, we first study the relationship between weakly contractive mappings and weakly Kannan mappings. Further, we discuss characterizations of metric completeness which are connected with the existence of fixed points for mappings. Especially, we show that a metric space is complete if it has the fixed point property for Kannan mappings.
Introduction
Let X be a metric space with metric d. Then a function p from X × X into [0, ∞) is called a w-distance on X if it satisfies the following:
(1) p(x, z) ≤ p(x, y) + p(y, z) for all x, y, z ∈ X; (2) p is lower semicontinuous in its second variable; (3) for each ε > 0, there exists δ > 0 such that p(z, x) ≤ δ and p(z, y) ≤ δ imply d(x, y) ≤ ε. The concept of a w-distance was first introduced by Kada, Suzuki and Takahashi [6] . They give some examples of w-distance and improved Caristi's fixed point theorem [2] , Ekeland's variational principle [4] and the nonconvex minimization theorem according to Takahashi [12] . We denote by W (X) the set of all w-distances on X. A mapping T from X into itself is called weakly contractive [11] if there exist p ∈ W (X) and r ∈ [0, 1) such that p(T x, T y) ≤ rp(x, y) for all x, y ∈ X.
In particular, if p = d, T is called contractive. Suzuki and Takahashi [11] proved that a metric space is complete if and only if it has the fixed point property for weakly contractive mappings. A mapping T from X into itself is called weakly Kannan [10] if there exist p ∈ W (X) and α ∈ [0, 1/2) such that p(T x, T y) ≤ α p(T x, x) + p(T y, y) for all x, y ∈ X, or p(T x, T y) ≤ α p(T x, x) + p(y, T y) for all x, y ∈ X.
In particular, if p = d, T is called Kannan [7] . Suzuki [10] proved that a complete metric space has the fixed point property for weakly Kannan mappings. On the other hand, characterizations of metric completeness have been discussed by many authors (cf. [3, 5, 8, 9, 12] ). It has been known that the fixed point property for contractive mappings does not characterize metric completeness. For example, see [11] . But Hu [5] proved that a metric space is complete if every closed subspace has the fixed point property for contractive mappings. Reich [9] also proved that a metric space is complete if every closed subspace has the fixed point property for Kannan mappings. We recall that a mapping T from a metric space X into itself is said to be Caristi if there exists a lower semicontinuous function ϕ from X into [0, ∞) such that d(x, T x) ≤ ϕ(x)−ϕ(T x) for all x ∈ X. Note that Caristi mappings include Kannan mappings and contractive mappings. Kirk [8] proved that a metric space is complete if it has the fixed point property for Caristi mappings. Thus Caristi mappings characterize metric completeness whereas contractive mappings do not. This leaves open the question whether Kannan mappings characterize metric completeness or not.
In this paper, we first study the relationship between weakly contractive mappings and weakly Kannan mappings. Further, we discuss characterizations of metric completeness which are connected with the existence of fixed points for mappings. Especially, we show that a metric space is complete if it has the fixed point property for Kannan mappings.
Preliminaries
Throughout this paper, we denote by N, Z, Q and R the sets of positive integers, integers, rational numbers and real numbers, respectively.
Let X be a metric space with metric d. A w-distance p on X is called symmetric if p(x, y) = p(y, x) for all x, y ∈ X. We denote by W 0 (X) the set of all symmetric w-distances on X. Note that the metric d is an element in W 0 (X). We denote by W C 1 (X) the set of all mappings T from X into itself such that there exist p ∈ W (X) and r ∈ [0, 1) satisfying p(T x, T y) ≤ rp(x, y) for all x, y ∈ X, i.e., the set of all weakly contractive mappings from X into itself. We define the sets W C 2 (X), W C 0 (X), W K 1 (X), W K 2 (X) and W K 0 (X) of mappings from X into itself as follows: T ∈ W C 2 (X) if and only if there exist p ∈ W (X) and r ∈ [0, 1) such that p(T x, T y) ≤ rp(y, x) for all x, y ∈ X; T ∈ W C 0 (X) if and only if there exist p ∈ W 0 (X) and r ∈ [0, 1) such that p(T x, T y) ≤ rp(x, y) for all x, y ∈ X; T ∈ W K 1 (X) if and only if there exist p ∈ W (X) and α ∈ [0, 1/2) such that p(T x, T y) ≤ α p(T x, x) + p(T y, y) for all x, y ∈ X; T ∈ W K 2 (X) if and only if there exist p ∈ W (X) and α ∈ [0, 1/2) such that p(T x, T y) ≤ α p(T x, x) + p(y, T y) for all x, y ∈ X; T ∈ W K 0 (X) if and only if there exist p ∈ W 0 (X) and α ∈ [0, 1/2) such that
We recall T is weakly Kannan if
Let µ be a mean on N, i.e., a continuous linear functional on l ∞ satisfying µ = 1 = µ(1). Then we know that µ is a mean on N if and only if inf n∈N a n ≤ µ(a) ≤ sup n∈N a n for every a = (a 1 , a 2 , · · · ) ∈ l ∞ . According to time and circumstances, we use µ n (a n ) instead of µ(a). A mean on N is called a Banach limit [1] if µ n (a n ) = µ n (a n+1 ) for every a = (a 1 , a 2 , · · · ) ∈ l ∞ . We also know that if µ is a Banach limit, then lim n a n ≤ µ n (a n ) ≤ lim n a n for every a = (a 1 , a 2 , · · · ) ∈ l ∞ .
Results
The following two theorems are our main results, which are proved in Section 4.
Theorem 2. Let X be a metric space with metric d. Then the following are equivalent:
(ii) every Kannan mapping T from X into itself has a fixed point in X; (iii) for every bounded sequence {x n } in X and mean µ on N such that
Using the above theorems, we obtain the following; see [11] and [10] .
Corollary 1. Let X be a metric space. Then the following are equivalent: (i) X is complete;
(ii) every weakly contractive mapping from X into itself has a fixed point in X; (iii) every weakly Kannan mapping from X into itself has a fixed point in X.
Proof. (i) ⇒ (ii) is proved in [11] and (i) ⇒ (iii) is proved in [10] . By Theorem 1,
Kannan mappings from X into itself, we can prove (ii) ⇒ (i) and (iii) ⇒ (i) from Theorem 2.
Remark. We know the characterization of metric completeness by Dugundji [3] . As in the proof of Lemma 3 below, we can obtain his result from Corollary 1.
Proofs
In this section, we give the proofs of Theorems 1 and 2.
Before proving Theorem 1, we need some lemmas. The following lemma is essentially proved in [6] ; see also [10] . Lemma 1. Let X be a metric space with metric d, let p be a w-distance on X and let f be a function from
The following lemma is crucial in the proof of Theorem 1.
Lemma 2. Let X be a metric space with metric d, let p be a w-distance on X, let T be a mapping from X into itself and let u be a point of X such that
Then for every x ∈ X, lim k p(T k u, x) and lim k p(x, T k u) exist. Moreover, let β and γ be functions from X into [0, ∞) defined by
Then the following hold:
(i) β is lower semicontinuous on X;
(ii) for every ε > 0, there exists δ > 0 such that β(x) ≤ δ and β(y) ≤ δ imply d(x, y) ≤ ε. In particular, the set {x ∈ X : β(x) = 0} consists of at most one point; (iii) the functions q 1 and q 2 from X × X into [0, ∞) defined by
for m, n ∈ N, {p(T k u, x)} and {p(x, T k u)} are Cauchy sequences. So, β and γ are well-defined. We next show that β is lower semicontinuous on X. Fix x ∈ X and let {x n } be a sequence which converges to x. Let ε > 0. Then there exists k 0 ∈ N such that p(T k0 u, x) ≥ β(x) − ε and p(T k0 u, T m u) ≤ ε for every m ∈ N with m ≥ k 0 . Fix n ∈ N and choose
for every n ∈ N. Hence
Since ε > 0 is arbitrary, we have β(x) ≤ lim n β(x n ). Therefore β is lower semicontinuous on X. We next show (ii). Let ε > 0 and choose δ > 0 such that p(z, v) ≤ 2δ and p(z, w) ≤ 2δ imply d(v, w) ≤ ε. Suppose β(x) ≤ δ and β(y) ≤ δ. Then there exists k 2 ∈ N such that p(T k2 u, x) ≤ 2δ and p(T k2 u, y) ≤ 2δ. Hence we have d(x, y) ≤ ε. Therefore (ii) is shown. Let us prove (iii). From (i) and (ii), the function q 3 from X × X into [0, ∞) defined by q 3 (x, y) = β(y) is w-distance. So, by Lemma 1, we have q 1 and q 2 are w-distances on X. This completes the proof.
The following lemma is essentially proved in [10] . However, for the sake of completeness, we give the proof by using Lemma 2.
Proof. Suppose T ∈ W C 1 (X), i.e., there exist a w-distance p and r ∈ [0, 1) such that p(T x, T y) ≤ rp(x, y) for all x, y ∈ X. Fix u ∈ X. Then we have, for each m, n ∈ N,
Since 0 ≤ r < 1, we have lim m,n p(T m u, T n u) = 0. So, by Lemma 2, β(x) = lim k p(T k u, x) is well-defined and q 1 (x, y) = β(x) + β(y) is a w-distance on X. From β(T x) ≤ rβ(x) for every x ∈ X, we have
for all x, y ∈ X. This implies T ∈ W K 0 (X).
We continue studying the relations between the classes of mappings.
Proof. Suppose T ∈ W K 1 (X), i.e., there exist a w-distance p and α ∈ [0, 1/2) such that p(T x, T y) ≤ αp(T x, x) + αp(T y, y) for all x, y ∈ X. We put r = α(1 − α) −1 . Note that p(T 2 x, T x) ≤ rp(T x, x) for every x ∈ X. Fix u ∈ X. For m, n ∈ N, we have
and hence lim m,n p(T m u, T n u) = 0. So, by Lemma 2, β(x) = lim k p(T k u, x) is well-defined and q 1 (x, y) = β(x) + β(y) is a w-distance on X. We next prove that β(T x) ≤ rβ(x) for every x ∈ X. In fact, from
we have
Hence β(T x) ≤ rβ(x). So we have q 1 (T x, T y) ≤ rq 1 (x, y) for all x, y ∈ X. This implies T ∈ W C 0 (X).
Proof. We first show W C 2 (X) ⊂ W K 2 (X). Suppose T ∈ W C 2 (X), i.e., there exist a w-distance p and r ∈ [0, 1) such that p(T x, T y) ≤ rp(y, x) for all x, y ∈ X. Fix u ∈ X and m, n ∈ N. If m > n, then
and hence lim m,n p(T m u, T n u) = 0. So, by Lemma 2, β(x) = lim k p(T k u, x) and γ(x) = lim k p(x, T k u) are well-defined and q 2 (x, y) = γ(x) + β(y) is a w-distance on X. From β(T x) ≤ rγ(x) and γ(T x) ≤ rβ(x) for every x ∈ X, we have q 2 (T x, T y) ≤ r(1 + r) −1 q 2 (T x, x) + q 2 (y, T y) for all x, y ∈ X. This implies
We next show W K 2 (X) ⊂ W C 2 (X). Suppose T ∈ W K 2 (X), i.e., there exist a w-distance p and α ∈ [0, 1/2) such that p(T x, T y) ≤ αp(T x, x) + αp(y, T y) for all x, y ∈ X. We put r = α(1 − α) −1 . Note that p(T 2 x, T x) ≤ rp(x, T x) and p(T x, T 2 x) ≤ rp(T x, x) for every x ∈ X. Fix u ∈ X. For m, n ∈ N, we have
and hence lim m,n p(T m u, T n u) = 0. So, by Lemma 2, β(x) = lim k p(T k u, x) and γ(x) = lim k p(x, T k u) are well-defined and q 2 (x, y) = γ(x) + β(y) is a w-distance on X. We next prove that β(T x) ≤ rγ(x) for every x ∈ X. In fact, from
So β(T x) ≤ rγ(x). Similarly, we have γ(T x) ≤ rβ(x). Hence we have q 2 (T x, T y) ≤ rq 2 (y, x) for all x, y ∈ X. This implies T ∈ W C 2 (X).
Now, we prove Theorem 1.
Proof of Theorem 1. It is clear that
So, by Lemmas 3 and 4, we have
Hence by Lemma 5, we obtain the desired result.
Next, we prove Theorem 2.
Proof of Theorem 2. (i) ⇒ (ii) was proved in [7] . We first show (ii) ⇒ (iii). Let {x n } be a bounded sequence in X and let µ be a mean on N such that inf x∈X µ n d(x n , x) = 0. Let us define a mapping T from X into itself as follows. For each x ∈ X, we choose a point T x ∈ X with µ n d(x n , T x) ≤ 1 4 µ n d(x n , x). We show that T is a Kannan mapping. Let x and y be arbitrary points in X. Then
Hence T is a Kannan mapping. From (ii), there exists a point x 0 ∈ X such that T x 0 = x 0 . So we have
Hence µ n d(x n , x 0 ) = 0. This implies (iii). We next show that (iii) ⇒ (i). Let {x n } be a Cauchy sequence in X and let µ be a Banach limit. Then it is easy to see that
for every x ∈ X and inf x∈X µ n d(x n , x) = 0.
So from (iii), there exists a point x 0 ∈ X such that µ n d(x n , x 0 ) = 0. Hence lim n d(x n , x 0 ) = 0. Therefore X is complete. This completes the proof.
Remark. (i) ⇒ (iii) was proved in [12] .
Additional results
By Theorem 1, we know
So it is natural to consider whether W C 1 (X) = W C 2 (X) or not. In this section, we give two answers for this question.
Proof. By the Axiom of Choice, there exists C ⊂ R such that cl C = R and q∈Q (q + C) = R \ Q, where cl C is the closure of C and represents disjoint union. Define a mapping T from R into itself by
Define a w-distance p by
Then we have p(T x, T y) ≤ 1 2 p(y, x) for all x, y ∈ R. Therefore T ∈ W C 2 (R). We next show T / ∈ W C 1 (R). Suppose T ∈ W C 1 (R). Then from the proof of Lemma 3, there exist r ∈ [0, 1) and a lower semicontinuous function β from R into [0, ∞) such that β(T x) ≤ rβ(x) for every x ∈ R and the set of {x ∈ R : β(x) = 0} consists of at most one point. Since R = This is a contradiction. Hence T / ∈ W C 1 (R).
Proposition 2.
If X has a discrete topology, then W C 1 (X) = W C 2 (X).
Proof. We show W C 2 (X) ⊂ W C 1 (X). Suppose T ∈ W C 2 (X). Then from the first part of the proof of Lemma 5, there exist r ∈ [0, 1) and a function β from R into [0, ∞) such that β(T 2 x) ≤ r 2 β(x) for every x ∈ X and the following holds: For every ε > 0, there exists δ > 0 such that β(x) ≤ δ and β(y) ≤ δ imply d(x, y) ≤ ε. We put A = {x ∈ X : β(x) ≤ 1, β(T x) ≤ 1} and define a mapping η from X into Z ∪ {−∞} by η(x) = − sup{n ∈ N ∪ {0} : there exists u ∈ A such that T n u = x}, if x ∈ A, min{n ∈ N : T n x ∈ A}, if x / ∈ A.
From β(T 2 x) ≤ r 2 β(x), η is well-defined. Let q be a function from X × X into [0, ∞) defined by q(x, y) = 2 η(x) + 2 η(y) . Then q is a w-distance on X. Since η(T x) ≤ η(x) − 1 for every x ∈ X, we have q(T x, T y) ≤ 1 2 q(x, y) for all x, y ∈ X. This implies T ∈ W C 1 (X).
